In the bar series of Drosophila flies developing from larvae which have been transferred from one temperature to another before the onset of the facet determination period have the average facet number characteristic for flies which have spent the whole period of their development at the temperature to which the transfer has been made. If the transfer is made after the end of the determination period, then the average facet number is characteristic for flies which have spent the whole period of their development at the temperature from which the transfer has been made. If the transfer has been made during the effective period some intermediate number of facets results.
(Accepted for publication, August 25, 1933) In the bar series of Drosophila flies developing from larvae which have been transferred from one temperature to another before the onset of the facet determination period have the average facet number characteristic for flies which have spent the whole period of their development at the temperature to which the transfer has been made. If the transfer is made after the end of the determination period, then the average facet number is characteristic for flies which have spent the whole period of their development at the temperature from which the transfer has been made. If the transfer has been made during the effective period some intermediate number of facets results.
Such relations are illustrated by the data and figures published by Luce (1931) for infrabar flies. From his Table 2 and Fig. 3 it can be seen that infrabar females which have been transferred as larvae to 17 ° at any time before the 64th hour of their development at 27 ° have approximately 131 facets, which is the average number of facets that infrabar females possess if the whole period of their development is passed at 17 ° . When the larvae are transferred to 17 ° at any time after the 89th hour of their development at 27 °, the resulting flies have approximately 272 facets which is the average number of facets that infrabar females possess when the whole period of their development is passed at 27 ° . Flies developing from larvae transferred to 17 ° at some time after the 64th and before the 89th hour of their development has been passed at 27 ° have a facet number intermediate between 131 and 272 facets. For example, the flies developing from larvae transferred to 17 ° at the end of the 80th hour of their development at 27 ° have on the average 222 facets. The curve of the directly observed data connecting the two lines for the facet levels of the upper and lower temperatures (Luce, Fig. 3 ) is thus a compound curve. Each 487 point on the curve is the sum of a certain number of facets determined at the beginning of the effective period at 27 ° plus a certain number which are produced presumably in the latter part of the period at 17 ° . If we knew for different points on the compound curve the two component values, then these data would allow one to reach in this indirect manner the time course of facet determination.
When the length of the effective period is known for the two temperatures, along with the average number of facets produced at these temperatures, and also the number of facets produced for different times of transfer during the effective period, then all the available data are in hand for attempting the dissection of the compound curve into its two components. The simplest possible assumption to make for proceeding with the analysis of the data is that if a certain percentage (x) of the effective period is completed at the temperature from which the transfer is made, then the remainder (100-x) is passed at the temperature to which the transfer is made and at the rate characteristic for the temperature concerned. It will be shown below that the data may be quite satisfactorily analyzed on the basis of this assumption. One may, however, doubt the correctness of the assumption, but whatever error is involved does not seem to be larger than the experimental error. A further assumption which needs to be made for undertaking the analysis is in regard to the form of the function descriptive of the time course of facet determination. The simplest assumption in this regard is that the time curve is linear. This assumption does not lead to satisfactory results. Likewise the assumption that the increase in facets is a simple exponential function of time is inconsistent with the data. The assumption on the basis of which the results to be discussed were obtained was that of a symmetrical sigmoid curve. Since consistent results are obtained a presumption is created that the assumptions made are to be accepted as being in agreement with the facts but one may not conclude that the resulting equations necessarily give the form of the true function. To draw such a conclusion it would need to be shown further that the form of function which gives consistent results is the only one that could possibly apply.
The problem may be formulated analytically in the following terms: The number of facets (y) in flies resulting from the transfer of larvae in the effective period is a function of the time (0 spent in the effective period at the temperature from which the transfer is made, that is, y ---f(O This function gives the compound curve. Of the number of facets (y) at any value of t, some are produced at the temperature from which the transfer is made and the remainder at the temperature to which the transfer is made. Any particular value of the function is consequently the sum of two definite integrals.
The first term to the fight in the equation gives the number of facets determined during a certain percentage of the effective period at the temperature from which the transfer was made, indicated as 27 °, while the second term gives the number of facets determined during the remainder of the effective period at the temperature to which the transfer was made, indicated as 17 ° . The terms under the integral signs are in each case the first derivative with respect to time of the function describing the time course of facet determination at each temperature. And since we make the assumption of a symmetrical sigmoid curve then for each temperature
in which A is the upper asymptote, given by the average number of facets produced at each temperature when the whole period is passed at one temperature, and k is the velocity constant to be estimated from the dissected data. When integrated this equation in straight line form becomes
in which K = kA and tl is the time when the period is half completed.
The determination of the compound curve, y = f(t) for the data obtained by the method of transferring larvae from one temperature to another would in some cases be obviously complicated and its analytic dissection into the two components would be by no means a simple task from the standpoint of the application of the necessary mathematics. (Indeed I am not aware that mathematics has received any extensive application in this direction.) A less elegant method, but one which need not lead necessarily to inferior results, is to make a simple arithmetic dissection of the data by trial and error and then to determine K in the above equation from the resulting data. This was the method used in reaching the results given below.
The purpose of this paper is to present the results of the application of this method to the data on ultrabar males and females contributed by E. C. Driver (1931) . The necessary data were made available to the writer by the courtesy of The Wistar Institute where they were placed on file by Dr. Driver.
The object of the analysis is to determine the course of the reaction, or in other words, the constants in the above equation. A is given directly by the average number of facets possessed by males or females when the whole period of development is passed at one temperature and these values are given in Table II of the filed data. From Tables IX to XlII inclusive of the filed data the limits of the effective period may be determined and so tl of the above equation becomes known. The effective periods estimated from the data are a little longer on the average than the results from the same data given by Driver. The method used by Driver (1931, p. 10) was to take "the point at which the plotted line of facet count by time shows the first definite departure from the count of flies at one or other of the two constant temperatures, or, if this line is intersected, the point of intersection." The same general method was followed by the writer except that a double logarithmic plot was used. An advantage of this method is that it tends to make somewhat sharper the points which give the limits of the effective period.
We are especially interested in the value of k, the velocity constant, which may readily be known from the relation K = kA. Values for the determination of K can be dissected from the observed data by the method of simple trial and error. This method is explained in more detail in the following paragraph.
Driver's Table XlII contains the data for the determination of the limits of the effective period at 27 ° , which was estimated in the manner mentioned above to be 22 hours for males beginning at 57 hours and ending after 79 hours of larval life were passed at this temperature. The larvae in this case were transferred to 17 ° , at which temperature it was estimated from Driver's Table X that the effective period for males was 62 hours long extending from the 130th to the 192nd hour of larval life at this temperature. Flies developing from larvae transferred to 17 ° at the 61st hour at 27 ° had finished 4 hours of the effective period at 27% This corresponds to 11.3 hours at 17 °. The average number of facets which flies with such history show is given in Driver's Table XIII as 28.0. After trial and error it was estimated that about I facet was produced at 27 °. The remainder, 27 facets, were produced in the remaining percentage of the period which is equivalent to 50.7 hours at 17 ° . Since males have on the average 29.0 facets at 17 ° , from these values then 2.0 facets are produced on this basis in 11.3 hours at 17 ° . Similarly it was estimated in this way that at 27 ° after 7 hours in the effective period there were 3 facets, after 9 hours 5.9 facets, after 13 hours 11.5 facets, after 17 hours 16 facets, after 20 hours 17.4 facets. The value of K at 27 ° was then determined for these dissected values and found to be 0.1696. (For all such determinations the use of Table LX , Robertson, 1923 , greatly reduced the necessary calculations.) It happens that 27 ° was the temperature to which larvae were transferred in experiments to determine the lengths of the effective period at 17 °, 20 °, and 22% Similar determinations for K for the curve for 27 ° from the series of data (Driver's Tables X-XII) give the following values: 0.1615 for the transfer from 17 ° , 0.1479 for the transfer from 20 ° , and 0.1436 for the transfer from 22 ° . The close similarity of these four values for K makes one feel perhaps more confident in the approximation of the assumptions made to the actual situation. The average of the four values is 0.1557 which is taken as the final value of K for the reaction for males at 27 °. A temperature of 17 ° was involved in two experiments. The values of K from these two cases were 0.0543 and 0.0593, giving an average of 0.0568. The remaining temperatures were involved only once in the transfer experiments. The limits of the effective period at 25 ° were not determined. This temperature was used however in the transfers from 15 ° . The length of the effective period was estimated by interpolation to be 24 hours for females and 23 hours for males. With these values then the value of K was determined from the values of the dissected data obtained from the experimental transfers from 15 ° to 25 ° .
It can be shown that the recombined calculated values are in satisfactory agreement with the observed values. The differences at only a few places are to any significant degree beyond the limits of what is statistically desirable. One of the worst fits is given by the comparisons to the data for males of Driver's The results of the analysis carried out in this way are given in the accompanying Table I (seealso Fig. 1 ). It can be seen from this table that with increasing temperature the duration in hours of the effective period decreases. A graph showing the relation is composed of two curves, concave upward, with a discontinuity in the neighborhood of 21 °. The rate of the reaction as shown by k increases with increase in temperature and likewise shows a break near 21 °. Since there are but three values on either side of the discontinuity it cannot be stated definitely whether k in its temperature relation conforms to the well known Arrhenius equation, In k = t2/RT.
The facet number/temperature relation in the bar series conforms as an approximation to a simple exponential function y = ae". For the ultrabar stock used in the present experiments r has the value -0.0443 for females and -0.0527 for males for the interval 15-27 ° . The first derivative of facet number with respect to temperature gives the facet decrease per degree. It may be considered as a measure of difference in growth rate. If this is the case then there should be some definite relation between the first derivative and k, the velocity constant of the facet-determining reaction, provided of course that the assumptions made for the determination of k are an approximation to the actual case. That there is such a relation can be seen from the data in Table I . For both males and females as k increases in geometric progression the first derivative decreases approximately in geometric progression, that is, the relation is approximately hyper- bolic. From this result it seems safe to conclude that the use of the first derivative as a measure of the difference in growth and the underlying assumptions made to proceed with the analysis of the data for the determination of k of the facet-producing reaction are mutually confirmatory.
The facet-determining reaction may be considered further from two different aspects. First, in some sense it may be considered as a unit in itself and looked upon as one component of the whole developmental series, where it is coordinated in some functional relation to other component developmental processes. While it is interesting to know its length in hours yet from the point of view just expressed the question arises as to what is the relation which it bears to other similar processes for other organs and to the whole. Its duration in terms of the per cent of larval life which the period covers is approximately constant, about 18 per cent of the whole larval life. Its date, that is its temporal position in the developmental series, changes with change in temperature. It is earlier at the lower temperatures and later at the higher temperatures. For example, in females the effective period at 15 ° covers the interval from 33 to 50 per cent of the larval life and at 27 ° it begins at 50 per cent and extends to 68.8 per cent of the larval life (see Table I ). From the point of view mentioned what we should especially like to do in this and similar cases is to relate the rate of the facet-determining process to that of other similar processes and to the rate of the development of the whole, such as might be obtained from data giving the growth of the larvae throughout their development and more particularly at the time of the facet reaction period. It is to be expected that a change in temperature affects such processes differentially (see Zeleny, 1923) so that the ratio of the relative growth rates will vary with the temperature. Fro. 2. The curves of Fig. 1 with each axis reduced to unity, that is taken as 100 per cent, are superimposed at their proper places upon the curves of growth showing the percentage increase in larval length for the three instars. appropriate places on the curves showing the percentage increase in larval length for the three instars. It can be seen that the effective periods for 15 °, 17 °, and 20 ° fall entirely or mainly in the second instar, while the effective periods for higher temperatures fall in the third instar. The conclusion suggests itself that the discontinuity found in the value of k between 20 ° and 22 ° is causally related to the change in the relation of the effective period to the instars.
In the figure the effective period for each temperature has been plotted in a similar way with the abscissae representing percentages of the effective period and the ordinates percentages of the average number of facets at the different temperatures. The underlying idea here is that of the relative growth function, y = bx k. One of the ways in which this function can be stated is as follows: If a variable x increases by a certain per cent, another variable y increases likewise by a certain fixed per cent. The ratio of the per cent increase in y to the per cent increase in x gives the value of k, the coefficient of growth partition. It is inadvisable to make any more direct application of the relative growth function to the data than can be grasped from the figure since the data available for growth in larval length are for 28 ° only and for a different stock. It can be seen, however, that k, the coefficient of growth partition, would almost certainly change with temperature and perhaps be constant for any particular temperature. There is an indication of a change in the coefficient of growth partition for those temperatures where the facet curve of Fig. 2 approaches its asymptote while the curve for increase in length is in a quite different section of its course. In regard to a value for k it can be seen from Fig. 2 that as the larval length, taken as x in the relative growth function, increases by about 1 per cent, the facet number (y) increases by about 5 to 7 per cent. Consequently for these variables k of the relative growth function has a value in the neighborhood of 5 to 7.
The facet-determining process may be considered, secondly, from the standpoint of the nature of the events which occur in the optic disc during the temperature-effective period. If the sigmoid curve is a true approximation for describing the course of the reaction then it may be said that differences between members of the bar series in regard to the process of facet determination do not represent merely developmental arrests of the process at some greater or lesser distance from a common upper asymptote, but the termination of the process is approached asymptotically. The same conclusion applies to the action of different temperatures on any particular member of the series, if ultrabar may be considered as typical of the entire series.
It is known from the work of Hewitt (1908) that in Musca domestica the optic disc (D) gives rise to ommatidia (O) and hypodermis (H) of the side of the head. This reaction which is equivalent at least formally both to a monomolecular reaction and to an embryonic segregation, may be symbolized as follows
D'--~O+ H
Is it this reaction which occurs during the effective period? Another possibility is the suggestion that during the effective period the optic disc is merely a center of mitotic activity with the embryonic segregation occurring instantaneously at the end of the period. Such an instantaneous reaction, at least from a chemical point of view, would require that the elements taking part in ommatidial production would be in the same state at that instant, so that the reaction (segregation) would take place with infinite rapidity. A third possibility would allow for the optic disc during the effective period to be both a center of mitotic activity and also the locus of an embryonic segregation.
On any of these views it would seem necessary to assume that at the beginning of the effective period there would already be a greater or smaller number of cells either to begin a cycle of mitotic activity or to participate in an embryonic segregation. Consequently one would expect the reaction of the effective period to be inaugurated by an initial flash productive of a greater or smaller number of facets. But if this is the case the consistent results presented above would imply that such an initial flash at the beginning of the period in ultrabar would not be extensive enough to obscure the sigmoid character of the main reaction.
SUXr~RY
By a dissection of the data obtained by Driver on the effective periods at different temperatures in males and females of an ultrabar stock of Drosophila melarmgaster it has been found that a symmetrical sigmoid curve satisfactorily describes the time course of the facetdetermining reaction. Consequently the differences between members of the bar series in regard to this reaction do not represent merely developmental arrests of the process at some greater or lesser distance from a common upper asymptote, but the termination of the process is approached asymptotically. The velocity constant/temperature relation shows a discontinuity in the neighborhood of 21 ° which may be causally related to the change in the position of the effective period from the second to the third instar. The velocity constant apparently does not conform to the well known Arrhenius equation in its relation to temperature.
